In this Letter we study the effect of topological zero modes on entanglement Hamiltonians and entropy of free chiral fermion systems in (1+1)d. We show how Riemann-Hilbert solutions combined with finite rank perturbation theory allow us to obtain explicit expressions for entanglement Hamiltonians. We consider both chiral Majorana and Dirac fermions, and explore the effects of boundary conditions (periodic/anti-periodic for Majorana and generic for Dirac) and associated zero modes on entanglement. In the periodic sector, we derive explicitly the non-local contribution to the entanglement Hamiltonian due to the zero mode, and show an exact expression for the change in entanglement entropy due to the zero mode.
Fermionic modes localized on topological defects often reflect the topological nature of the defect through unusual properties such as charge fractionalization [1] and non-abelian braiding [2] . System where such phenomena have been studied include polyacetylene [3] , and more recently defects in topological insulators and superconductors [4] [5] [6] . The modes are usually intimately tied to the appearance of ground state degeneracies of a topological nature. In this Letter, we present a framework to study entanglement Hamiltonians (EH) in the presence of such fermionic zero modes. To do so we generalize the approach of Casini and Huerta [7] within a RiemannHilbert problem (RHP) method, and combine it with exactly summable perturbation theory, to compute the EH for chiral Majorana and Dirac fermions on a finite circle.
The RHP appears in our context as a tool for computing resolvents, as we now describe. Recall that for gauge invariant free fermion states, given the (equal-time) correlation matrix G Ψ (x, y) = Ψ(x)Ψ † (y) (where x, y are spatial positions, and may also involve other indices such as spin), the EH on a spatial region V can be expressed as H V = − log(P V G Ψ P V ) −1 − 1) [8] . Here P V G Ψ P V is G Ψ restricted to the region V by the projectors P V (defined explicitly below (10)). As we will demonstrate, a similar relation holds for Majorana fermions ψ, given ψ(x)ψ(y) , allowing us to treat the problem on a parallel footing.
The EH H V may be expressed in integral form as:
where L(β) is the resolvent [7] L(β) = (P V G Ψ P V − 1/2 + β)
For free fermions in the absence of zero modes, the un-restricted correlation function G Ψ (x, y) computed in the ground state acts as a single particle operator that projects onto positive energy modes. In particular, in our case, the projectors may be understood as projectors onto analytical functions in the lower or upper half plane. For such operators, the computation of the resolvent (2) may be mapped onto a RHP (see, e.g. [9] ), which, in the simple case treated here is a scalar RHP and so exactly solvable. An additional conceptual motivation for casting the problem in terms of RHP is that we can immediately address a set of related problems (such as fermions with a finite Fermi sea in 1d) where RHP is not scalar, but its solution may be computed approximately Recent applications of the method involve computations of full counting statistics [10, 11] and Fermi edge singularity [12, 13] .
In the presence of a topologically nontrivial background, a general index theorem [14, 15] guarantees the appearance of fermionic zero modes. As we will see bellow, these manifest themselves as finite rank perturbations of the correlation matrices. Given the resolvent for the unperturbed Green's function, we can solve for the perturbed resolvent by summing up exactly a Dyson series. Here we carry out this recipe for the simplest scenario of a chiral Dirac/Majorana fermion on a spatial circle, coupled to a background gauge field. Starting with anti-periodic (Neveu-Schwarz) fermions on a circle with no gauge field, inserting a π flux then takes the antiperiodic sector to the periodic (Ramond) sector, which has a zero mode whose effect on the EH we derive explicitly. The edge theory of the p + ip superconductor provides an explicit realization of such a scenario and serves as a concrete physical model for our calculation (see, e.g. [16] ). Meanwhile, our calculation in the Dirac sector is relevant to the edge theory of the Quantum Hall state.
The periodic BC also lead to a ground state degeneracy. The effects of change in the BC on a ground state degeneracy has been extensively studied. For example, Affleck and Ludwig [17] introduced the notion of boundary entropy, to understand the change in ground state degeneracy due to impurity in 1D systems. These calculations are usually carried out by looking at the entire system. Our EH calculation allows us to study the effect of degeneracy from the point of view of the local density matrix. Indeed, in Eq. (25), we find the exact change in the entanglement entropy (EE) of free chiral fermions between periodic and anti-periodic BC, for an arbitrary subset of the circle. In the limiting case when the entangling region spans the circle, this "local boundary entropy" gives the boundary entropy. For (1 + 1)d CFT's with space compactified into a circle, the appearance of the boundary entropy as a sub-leading contribution to the EE of an interval was noted in [18] .
In the following we consider a chiral Majorana fermion in (1 + 1)d with Lagrangian i 2 ψ(∂ t + ∂ x )ψ, where the spatial dimension is periodic x ∼ x+ 2πR. The canonical equal-time anti-commutation relation is {ψ(x), ψ(y)} = δ(x − y), and we require ψ † (x) = ψ(x). Given the mode
with k ∈ Z for the R sector and k ∈ Z + 1 2 for the NS sector, the ground state satisfies b k |Ω = 0 for k > 0. The equaltime Green's function in the NS sector is given by:
where n(x, y) ≡ x|n|y is the kernel of the single particle projector n onto momentum modes x|k =
with k a non-negative integer [31] . Explicitly:
For chiral Dirac fermions with Lagrangian
, we are allowed to take k ∈ Z+α with α ∈ [0, 1). For α = 0, substituting the mode expan-
and defining the ground state such that
Note that, as functions,
for α = 0, where U α are unitary transformations which translate momenta by α: U α |k = |k + α . When α = 0, the presence of the zero modes k = 0 renders the ground state degenerate and requires separate consideration. For Dirac fermions, the zero mode acts on a doubly degenerate space of occupied/unoccupied states. The zero-temperature Fermi-Dirac distribution then gives a maximally mixed state whose density matrix is 1 2 (|occupied |occupied| + |empty empty|). Computing the Green's function on this mixture yields
where |0 is the k = 0 momentum mode x|0 = 1 √ 2πR .
In the R sector of the Majorana's the situation is more subtle, as the Majorana zero mode b 0 doesn't have a natural pair to create a complex fermion [32] . To get the minimal, non trivial Hilbert space representation of the Clifford algebra containing b 0 , we have to introduce an additional anti-commuting operator. A physical realization of such a situation is the edge of a p + ip superconductor, in the presence of a (π flux) vortex in the bulk (see, e.g. [16] ). Such a vortex acts to change the BC on the edge into R type and binds a Majorana zero energy mode to its core. We can combine the Majorana operator b ′ 0 for the bulk zero mode with our edge zero mode b 0 , forming a complex/Dirac fermionic opera-
) which then acts on the degenerate |occupied and |unoccupied ground states. In evaluating the R Green's function, it does not matter which linear combination of the degenerate ground states we choose, or whether we have a mixed state. However, in deriving the EH we assume states that are uniquely described by the Green's function through Wick's theorem. Such states must have a vanishing expectation values for products of an odd number of Majorana operators. In particular, we take states that preserve fermion parity, enforcing this property [33] .
Taking into account b 0 , we have in the R sector
, (8) we see that
Ψ (x, y). We now turn to determine the EH. For Dirac fermions, the EH is determined through relations (2) and (1). Here we show that a similar relation holds for the Majorana fermions, up to a crucial factor of -1/2. We note that EE has been studied extensively also in terms of Majorana fermions (see e.g. [19] ), but are not aware of a simple treatment of the EH as we present below. Given the reduced density matrix ρ V on a region V , the single particle EH H M V is defined by:
We find that H M V is obtained from the Green's function of the Majorana fermions projected onto V :
where P V is a projector onto V , with x|P V |y = Θ V (x)δ(x − y). Here Θ V is the characteristic function for V ∈ S 1 , with Θ V (x) = 1 if x ∈ V and Θ V (x) = 0 otherwise. To derive the relation (10), we take the Majorana operators to be defined on a discrete lattice, with {ψ i , ψ j } = δ ij , and compute the correlation functions from the trace formula for paired states in [20] adapted to the present notation:
where A, B are antisymmetric matrices. We have:
where the antisymmetry of H M V was used in going to the last line. Inverting these relations gives (10) .
As with the Dirac EH (1), given the resolvent (2), with G Ψ replaced by the Majorana G R or G N S , we can write an integral representation for the Majorana EH as:
Proceeding, we note that (6, 7) imply we can relate all the different resolvents to the following one:
Using (6), the Majorana NS and the Dirac fermion resolvent (2) with 0 < α < 1 can be written as:
Therefore for α = 0, the resolvents L α are related by a similarity transform L
α ′ implemented by U α . Their EHs enjoy the same relation.
For α = 0, we can deal with the resolvent by treating the zero-mode contribution in (7) as a perturbation, the same way the field theory dressed propagator can be written as a sum over self-energy insertions. Since the perturbation is of finite rank, it is possible to re-sum it, and we find that in the R sector:
At this point, we have reduced everything to a calculation of N (β), which we undertake next. We show that for α = 0, the single interval EH are local and consistent with known results derived in the path integral formalism [21] while the R sector EH has a nonlocal contribution due to the fermionic zero mode. Note that (16) generalizes to Green's functions that differ from n by a rank one perturbation,G = n + |a a|, with:
This expression is useful for computing the EH for single particle excitations of the vacuum for Dirac fermions. Higher rank perturbations (e.g. several excited particles, or single particle excitations for Majorana) may be treated in a similar way.
Considered as an operator on the circle L 2 (S 1 ), the operator N may be thought of as the resolvent for an integrable operator, in the sense of [9, 22] . Usually, such integrable operators are characterized by a kernel of the form K(z, z
, defined on a cut Σ in the complex z plane. It is well known that the resolvent, (1 + K) −1 , is related to a RH problem [9] . In our case, Σ = S 1 and the kernel (z − z ′ ) −1 is related to our projector n, with z = e i x R . In particular, to get N (β) in (14), we use the scalar form of the problem, where f = g ∝ Θ V . In this case, N (β) can be expressed as:
where X ± are obtained by solving the following scalar RHP. Define the function X(x) on S 1 in terms of the position space elements f and g by X(x) = 1 + 1/(β − For our application
, and ln X(x) = ln( , our RHP has the solution:
Substituting into (17), we find
where
). This form is the finite radius generalization of the result obtained in [7] for fermions on an infinite line. The EH in the α = 0 sector is obtained by applying (15) to compute the resolvent and then integrating as in (1) for Dirac or (13) for the NS Majorana fermions. Adapting the procedure described in [7] to our case, we find:
where n P V (x, y) = n(x, y) − 1 2 δ(x − y) is the principal part of n. The evaluation of the distribution kernel (19) gives a local contribution to the Majorana NS and to the Dirac Hamiltonians:
as well as a bi-local contribution with kernel: (21) where y l (x) are solutions of Z(x) = Z(y). For the Majorana NS fermions, the corresponding bi-local kernel is given by the RHS of (21), with α = 1/2 and multiplied by −1/2. These results generalize those of [7, 23] to finite radius and to Majorana fermions. For Majorana fermions in the NS sector, the local part of the single interval EH is an integral of the energy density T 00 , consistent with the results of [21, 24] . For the NS Dirac fermions, hermiticity of the EH requires the additional term proportional to the number density Ψ † (x)Ψ(x). In the path integral formalism of [21] , this term can be derived by identifying the EH as the generator of conformal rotations fixing the end points of V , which must also generate a phase rotation of the Dirac fermion due to its non-trivial conformal spin. In the NS sector, this leads to a generalized first law of EE in which small excitations of the vacuum leads to a change in EE given by δS V = V β(x)(T 00 − µ(x)ρ(x)), where
2R acts as a local entanglement temperature and chemical potential. Here
, is taken using the hermitian form of the local energy operator.
Finally, we now concentrate on the contribution from the zero mode in the R sector. The second term on the right-hand side of (16) is due to the R sector zero mode and produces a non-local contribution to the EH. Written in position space we have:
Explicitly evaluating this expression we find:
where l v = i (b i − a i ) is the total length of V . The zero mode induced contribution for the Majorana fermion, using (13) , is:
Thus, the zero mode induced part of the EH has a non-local contribution. The δ(x − y) term in (23) should be discarded for the Majorana fermions as it contributes a constant. However, remarkably, we find that for the Dirac case at α = 0, H The non-local contribution to the resolvent also changes the EE in the R sector relative to the NS. The EE S V = −Trρ V ln ρ V for the Majorana fermions may also be expressed in integral form as:
The same expression, without the prefactor 1 2 , holds for Dirac fermions [7] . It follows, by virtue of (15) , that all Dirac fermions with α = 0 have the same EE (disregarding possible anomaly contributions coming from the UV cutoff). Also, owing to the factor 1/2 in (24), the EE of NS Majorana fermions is 1/2 of that of Dirac fermions, reflecting the difference between their central charge.
Using (24) we find the contribution to the EE from the change in BC, δS M ≡ S R − S N S for Majoranas to be:
. (25) Expanding in the ratio lv R gives:
where B 2n are Bernoulli numbers. To lowest order:
We also immediately have that S α =0
Dirac − S α=0 Dirac = 2δS M . Remarkably, using the replica trick, the authors of [25] have given the change in the EE induced by BC change for a massless Dirac fermion in the form of the infinite series (26) , and noted that the series is not convergent. Here we have obtained the exact expression Eq. (25) for the EE, directly from the resolvent. We can now identify the replica trick result of [25] as an asymptotic expansion of the convergent integral (25) . Finally, as a last check, we consider the limiting case where V is the entire circle, so that l v → 2πR. Plugging this into (25), we immediately get δS M = 1 2 log 2, and δS Dirac = log 2, as expected from the degeneracy [35] . In the context of conformal field theory, Eq. (25) represents the local entropic signature of the presence of a boundary changing operator and reproduces the well known boundary entropies computed previously.
In this paper we have provided a general framework for the computation of EH and the effect of topological defects within the framework of the RHP and finite rank perturbation theory. Some of the immediate applications for the method are the computation of the EH and EE of excited states, systems with non-chiral fermions and systems with several fermion flavors. An additional motivation for studying the Ramond sector is its appearance in the fermion-boson duality, an essential tool in the study of interacting fermions. At the self-dual radius, the compact boson is known to be dual to a theory of a Dirac fermion gauged by the Z 2 fermion parity (see, e.g. [26] ). When the vacuum density matrix of the Z 2 gauged theory is reduced onto a set of disjoint intervals, one has to sum over different choices of periodic and anti-periodic boundary conditions around each interval [27] . Thus, our calculation provides a necessary first step in making a connection between the EHs of fermions and compact bosons for disjoint intervals [28] . Finally, we note the holographic dual to our free fields is a higher spin theory on an Anti-de Sitter background [29] . It would be an interesting challenge to derive the entanglement formulae we obtained here using holographic methods.into a tensor product of Hilbert spaces may depend on the representation. Thus, the definition of entropy and EHs may require an algebraic treatment (see, e.g. [30] for a treatment based on the GNS construction). The problem of an unpaired Majorana raises an ambiguity of this sort. This equality can be proved using the identities nX − , which follow from the fact that X+ only increases momentum (and vice versa for X−)
[35] Note, as described above, that the requirement of Wick's theorem to hold in the presence of zero modes, forces the state on the full circle to be a mixed state, hence the nonzero entropy for the full circle in the R sector.
